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1 Classical LQG Control

The system:
Tp41 = Azy + Buy + wy,
yr = Cxp + v
zo ~ N(0,%), wr, ~ N(0,Q), vy ~N(0,R).
Information available for the controller at time k:
Ye = (Yo, -, Yk)-

The control at time k is a function of the information Yy: wug(Yy).
The goal of a finite horizon LQG problem is to find a controller that mini-
mizes the following quadratic cost:

N
J(N)= min EZ (zf Way +uf Uuy) .

UQ .-y UN
k=0

1.1 Optimal Estimator Design

Since the system is linear, the following Kalman filtering equations holds:
1. Initialization:
Zo—1 =0, Py-1 =X, (1)
2. Prediction:
Sk = Ay + Buy, Pyyyp = APAT + Q. (2)
3. Correction:
Ert1 = Epp1p + Por1pCT (CPopinCT + R) ™ (yos1 — Cpsnpp),  (3)
Pes1 = Piiak — PosipCT (CPry1,CT + R) " C Py (4)
And we have that
E(xg|Yr) = &k, Cov(zk|Yy) = Pr.

One important thing to notice: the P is independent from uy. This is because
the system is linear and hence we can subtract uy.



1.2 Optimal Controller Design and Separation Principle

Now we can try to solve the optimal control design problem by dynamical pro-
gramming.
Define the value function

N
V()= min E Z (zf Wy + ul Uuy)
Ut yerey UN
k=t
Clearly
J(N) =V(0),
and

V(N) =EaiWay.

Now, by Bellman equation

V(t) = minE (zf Way + uf Uug + V(¢ + 1)) (5)

Ut

We will guess that
V(t) = Bal Sixy + ¢ (6)

To prove this, we will use induction.
Clearly Sy = W and ¢y = 0.
Now suppose (6) holds for ¢ + 1, and we look at the following quantity:

E (z{ Way + uf Uug + V(E+ 1))
= ]EIET(W + ATSt+1A)£C + tr(5t+1Q) + Ci+1
+ E [u?(U + BTSt+1B)Ut + x?ATSt+1BUt + u?BTSt+1A$t]

Notice that the controller do not know z;. Hence, let us rewrite z; as
Tt :.ft—f—.i?t—.ft :j?t—f—@t.
Theorem 1. 1. e is independent of Yi. and hence Ty and uy.

2.
Eil Sz) = Bal Say, — tr(SPy)

Proof. 1. Notice that
E(er|Yy) = E(zk|Yi) — E(2x[Yr) = 2x — &% = 0.

Hence, ey is linearly independent from Yj. Since e; and Y are jointly
Gaussian, ey and Y} are independent.

2. Since
Exi Szy = Eif Siy, + Eif Sey, + Eef Sz, + Eef Sey, = Eif Say, + 0+ 0+ tr(SP;)

O



Now let us look at

E I:’LLZV(U + BTSt+1B)’U/t + {E’{ATSt+1BUt + U?BTSt+1A$t:|
=K [uf(U + BTSt+1B)Ut + i;ATSt+1BUt + U;BTS,H_lAft]
=K [(ut — ’U,:)T(U + BTStJrlB)(ut - ’LL:) - ffATSt+1B(U + BTSt+1B)_1BTSt+1A:%t]
where U? = —(U + BTStJ,_lB)ilBTStJ’_lAi't. Hence
V(t) = El‘tT(W + ATSt+1A — ATSt+1B(U + BTSt+1B)_1BTSt+1A)l‘t
+ Ct+1 + tr(ATSt+1B(U + BTSt+1B)7lBTSt+1APk) + tr(SH_lQ)
Therefore
Sy =W 4+ ATS; 1A — ATS, \B(U + BTS;,1B)"'BTS, 1A, (7)
and
Ct = C¢41 + tr(ATSt+1B(U + BTStJrlB)_lBTStJrlAPk) + tr(StJrlQ).
Thus,
J(N) = E(ngO.’E()) +co = tI'(S()Z) + ¢p.
1.3 Infinite Horizon LQG problem

Define J as I
J = lim ———=.
We consider the problem of finding a controller that minimizes the infinite hori-
zon cost J.
Notice that (7) is a Riccati equation. Hence, if N — oo, then Sy converges

to .S, which is the fixed solution of
S=W+ATSA - ATSB(U + BTSB)'BTSA, (8)

The optimal controller is given by

up = —(U + BTSB) ' BT S Aiy.

2 Witsenhausen’s Counterexample
Consider zg ~ N(0,0?).
1. The first player knows zy and he computes an
z1 = f(2o),

which is a function of xg.



2. The first player sends z; to the second player though a noisy channel.
Therefore, the second player receives

Y2 =11 + v,
where v ~ N(0,1).
3. The second player then computes x5 = g(y2).

The goal is to minimize the following cost function

J = min E k2 (20 — 21)% 4 (21 — 2)?
)

Alternatively, one can consider the following equivalent scheme:

1. The controller knows o and it computes an control w

U= f(xO)v
which is a function of xg.

2. The state of the system satisfies the following update equation:
Tr1 = X9 + u.
3. The second player observe the system via a noisy sensor:
Y2 =21+,
where v ~ N(0,1).
4. The second player then computes the state estimate zo = g(y2).

The goal is to minimize the following cost function

J= I}ﬂn E k*u? 4 (21 — x2)?
9

2.1 Optimal linear strategy

We adopt the first setting. Consider that both f(z) = Az and g(x) = px are
linear, then

J = rf\nnIE E2(1 — N2k + Az — p(Axg + v))?
e
Therefore,
A2g?
F=7 + \202’

and

2 2 2 No?
)\:arg)\mm ko*(1 = \) er.

If k202 =1 and k — 0, then A~ 1 and J =~ 1.



3 Nonlinear strategy

One can prove that for small k and k?02 = 0, the following design is better than
the linear design:

1— 6720'1

f(z) = osgn(z), g(z) = e

4 Control Over Lossy Networks
The system:

Tpy1 = Axy + v Buy + wy,
yr = Cp + v,

zo ~ N(0,%), wi, ~N(0,Q), v ~N(0,R).

v is an 1.i.d. Bernouli process with P(vy =1) = A.

The goal of a finite horizon LQG problem is to find a controller that mini-
mizes the following quadratic cost:

N

1
J= min lim —E I'w ufUuy) .
uo HfLN NLOO N P (xk Tk + viuy, uk)

4.1 TCP case

Information available for the controller at time k:

Ik:(y07"'7yk71/07---;yk)-

J is finite if and only if the following Riccati equation has a positive semidef-
inite solution:

S=W+ATSA - ATSB(U + BYSB)"'BTSA, (9)
Optimal Filter:

1. Initialization:
Zoj-1 =0, Pyj-1 = X. (10)

2. Prediction:

Epi1p = Ay, + v Bug, Popp = APLAT 4+ Q. (11)

3. Correction:

Thi1 = Thsrk + PosrpCT (CPeanCT + R) ' (Yrr1 — Cpgapp), (12)
Pei1 = Peiijp — Propa i C" (CPygap CF + R) ' C Py (13)



Optimal Control:
The optimal controller is given by

up = —(U+ BTSB) ' BT S Aiy,

where S is the solution of (9).

4.2 UDP case
Information available for the controller at time k:
Yi = (Yo, k)

We do not know whether u has been applied to the system or not. The control
actually affect the estimation performance. The optimal control law and the
stability of the system is unknown.



